Mathematical Finance
Dylan Possamai

Assignment 5
We fix throughout a probability space (€2, F,P) on which we are given a filtration F, unless otherwise stated.

Sub-martingales are good integrators
Show that (F,P)-local sub-martingale is an (F,P)—good integrator.

Hint: it will be useful here to use the Doob—Meyer decomposition for discrete-time martingales.

Khintchine inequalities

The goal of this exercise is to prove that if (Z,)nen be a sequence of random variables such that the set

S .= {ZSka n e N, (Ek)ke{o ’’’’’ n} c {_1’ l}n-i-l}7

k=0

is bounded in P-probability, then, Y .7, Z7 is P-a.s. finite. In particular, Z; —;— 1o 0, both P-a.s. and in P-
probability.

1) In order to prove this result, we need first an intermediary lemma, which is a variant of the so—called Khintchine
inequalities. Fix some n € N and some sequence (Ek)ke{o ,,,,, n} of P-independent random variables which are
uniformly distributed on {—1,1} under P. We will prove first that for any K € (0, 1), there exists § > 0 such that
for any (Ar)reqo,....n} taking values in R

P > 9.

n n 1/2
Z)\kfk > K(Z)\z)
k=0 k=0

a) Show that for any random variable Y € L' (R, F,P) such that E¥[Y] > 0

PlY > 0] > EF[Y]?/EF[Y?).

b) Verify that

EPK;A,@)Q} = Varp[i)\ksk} = Z/\ﬁ

k=0 k=0
and

n 4 n+1 n 2 n+1 n 2
EPKZAksk)]ZAiM > AﬁA?B(ZAi) 22X,§g3( Ai) :
k=0 k=0 {(,k)€{0,...,n}2:j#£k} k=0 k=0 k=0

¢) Using the two previous questions, deduce that whenever the (A;) ke{o

result holds with § = 5520+ Conclude.

n} are not all equal to 0, the desired

.....

2) Prove that if g is the uniform probability measure on E := {—1,1}"*1 then for any K € (0, 1), there is some
0 > 0 such that

/El{|27§=o€kaIZKan}dN(5) >0,

where for any n € N, o, := (ZZ:O Zl%)l/z'



3) Deduce that for any L > 0

n

Z Gka

k=0
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3) Show that for any § > 0, we have for any L > 0 large enough

> Koy, > KL} du(e) > 6Plo, > L),

B > 6Plo,, > L.

Conclude.



